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Abstract 

Gauge theory on the q— deformed two-dimensional Euclidean plane M 2 is stud- 
ied using two different approaches. We first formulate the theory using the natural 
algebraic structures on M 2 , such as a covariant differential calculus, a frame of 
one-forms and invariant integration. We then consider a suitable star product, 
and introduce a natural way to implement the Seiberg-Witten map. In both ap- 
proaches, gauge invariance requires a suitable "measure" in the action, breaking 
the £' (? (2)-invariance. Some possibilities to avoid this conclusion using additional 
terms in the action are proposed. 
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1 Introduction 



Gauge theories provide the best known descriptions of the fundamental forces in nature. 
At very short distances however, physics is not known, and it is plausible that spacetime 
is quantized below some scale. This idea has been contemplated for quite some time, 
and gauge theory on noncommutative spaces has been the subject of much research 
activity, see e.g. [T] for a review. 

There are several different approaches to gauge theories on noncommutative spaces: 
First, one can formulate the theory in terms of the algebraic structures which define the 
noncommutative space, such as the noncommutative algebra of functions, its modules, 
and differential calculi. Gauge transformations can then be defined by unitary elements 
of the algebra of functions. Examples of noncommutative gauge theories using this 
formulation can be found in OEIQ]- While it is certainly very natural, this approach 
seems to be restricted to unitary gauge groups, and the set of admissible representations 
of the associated matter fields is also quite restricted. 

Another approach has been developed following the discovery that string theory leads 
to noncommutative gauge theories under suitable conditions, as explained in This 
lead to a technique expressing the noncommutative fields in terms of commutative ones, 
and writing the Lagrangians in terms of ordinary (commutative) fields and star products. 
It allows to formulate models with general gauge groups and representations, including 
the standard model However, the Lagrangians become increasingly complicated 
at each order in the deformation parameter, and there is generally a large amount of 
arbitrariness in these actions. Moreover, the formulation of gauge theories on general 
noncommutative spaces with non-constant Poisson structure is less clear. In particular, 
no satisfactory formulation of gauge theory on spaces with quantum group symmetry 
has been given; see e.g. (H) for a clear manifestation of this problem. It seems that 
in general, a satisfactory implementation of generalized symmetries (quantum group 
symmetries) in noncommutative field theory is yet to be found. 

In the present paper, we apply these different approaches to gauge theory on the 
Euclidean quantum plane R~, which is covariant under the g-deformed two-dimensional 
Euclidean group E q {2). This is one of the simplest quantum spaces with a non-trivial 
quantum group symmetry, and scalar field theory on Rjj has already been studied in [Zj. 
It seems therefore well suited to gain some insights into gauge theory on spaces with 
quantum group symmetry. 

We first try to formulate (abelian) gauge theory on R^ using an algebraic approach, 
taking advantage of the covariant differential calculus on R^. This leads very naturally 
to a definition of gauge fields and their field strength, with gauge transformations being 
the unitaries of the algebra of functions. This field strength reduces to the usual one in 
the commutative limit. However, the definition of an invariant action turns out to be 
less clear: if one uses the natural invariant integral on Rjj, one must add a nontrivial 
"measure function" in order to obtain a gauge invariant action. This measure function 
explicitly breaks translation invariance, which seems to be a generic feature of gauge 
theory on spaces with quantum group symmetry. Hence gauge invariance appears to 
be in conflict with quantum group symmetry. However, we point out some ways to 



1 



avoid this conclusion. We propose a model with an additional scalar ("Higgs") field 
with a suitable potential, which is manifestly gauge invariant and restores the formal 
-E 9 (2)-invariance while spontaneously breaking gauge invariance. 

In the second part of this paper, we apply the star product approach to gauge 
theory on R*, expressing all fields in terms of commutative ones. We first construct 
a suitable star product, and study its properties and the relation with the integral. 
The gauge theory is then formulated using this star product in close analogy to the 
algebraic approach. In particular, the noncommutative calculus suggests a definition 
of the field strength in terms of a "frame", which ensure the correct classical limit. 
This is somewhat different from other approaches proposed in the literature [H|. The 
corresponding Seiberg-Witten maps are solved up to first order. The formulation of a 
gauge invariant action requires again a nontrivial measure function, which is essentially 
the same as in the algebraic approach. While it cannot be canceled as in the algebraic 
approach by introducing a Higgs field, we show how the action can be modified in order 
to obtain the correct commutative limit. 



2 The q— deformed two-dimensional Euclidean Group 
and Plane 

2.1 The dual symmetry algebras E q {2) and U q (e(2)) 

We start by reviewing the quantum group E q (2), which is a deformation of the (Hopf) 
algebra of functions on the two-dimensional Euclidean Group E{2). It is generated by 
the "functions" n, v, n, v with the following relations and structure maps [9 J 

vv — vv — 1 nn = nn v n = qnv 
nv = qvn vn = qnv nv = qvn 
A(n) = n <g> v + v (g) n A(v)=v<S)v A(n) = n <8> v + v <8> n (1) 
A(v) = v ® v e(n) = e(n) = e(v) = e(v) = 1 
S(n) = —q~ 1 n S(v) = v S(n) = —qn S(v) = v 

where q G M. This is a star-Hopf algebra with the conjugation 

n* — n, v * = v. (2) 

In terms of the operators 6, t, t defined by [9 J 

v = e? e t = nv i = vn (3) 

(note that v is unitary and can therefore be parametrized by a hermitian element 9* = 6), 
the coproduct of t and i reads 

A(t) =t® l + e ie ®t A(t) =i®l + e~ ie ®i. (4) 
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It is often convenient to consider also the dual quantum group. The dual Hopf algebra 
U q (e(2)) of E q (2) is generated by T,T, J with the following commutation relations and 
structure maps 3 [9j 

TT = q 2 TT [J,T] = iT [J,T] = -iT 

A(T) = T ®q 2iJ + 1®T A(T) = T g> q 2iJ + 1 ®T (5) 
A (J) = J® 1 + 1® J e(T) = e(T) = e(J) = 
S(T) = -Tq~ 2iJ S{T) = -Tq- 2iJ S{J) = -J, 
where the dual pairing on the generators is given by 

(t, enn k ) = foMo*, W?) = -q 2 ^M, (J, ^) = s u 6 Qj 6 0k . (6) 

This is again a star-Hopf algebra with the conjugation 

J* = - J, T* = T. 



2.2 The i? g (2)-covariant Euclidean plane R^. 

Hopf algebras can be used to define generalized symmetries. There are two equiva- 
lent, dual notions. A Hopf algebra 7i coacts on an algebra A if A is a left (or right) 
7i-comodule algebra (see Appendix EJ) via a left coaction p : A — » H <8> A. In par- 
ticular, every Hopf algebra TC admits a comodule structure on itself in virtue of the 
comultiplication 

A : H — >H®H. (7) 

Observing that the subalgebra of E q {2) generated by t, t is a -E g (2)-module subalgebra, 
we can obtain the E q (2)— symmetric plane by renaming t — > z, t —* z. Hence ~R 2 is the 
i? 9 (2)-comodule algebra with generators z, z and commutation relations 

zz = q 2 zz. (8) 

We will also allow formal power series, and define the algebra of functions on the 
E q (2) — covariant plane jjj 

R 2 q :=R((z,z))/(zz-q 2 zz). (9) 
By construction, it is covariant under the following left i? 9 (2)-coaction 

p(z) = e ie ®z + t®\ 

p(z) = e~ ie + [ ' 

More formally, we have a coaction p : M, 2 — > E q {2) ® R 2 . From now on, functions are 
considered to be elements of this algebra. 

3 Our generators are related to the generators fj,, v, £ in ,9J by fi = T, —q 2 v = T, £ = J 
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In general, a left comodule algebra A under TC is also a right ^'-module algebra, using 
the dual pairing between Ti and its dual Ti' . Explicitly, the right 4 action < : A®TL' — > A 
of Ti' on A is given by 

f<X-.= ((X, •) ® id) o = (X, /(-d)/^) , XeH',feA. (11) 

Applied to the present situation using the coaction (fT0|) and the dual pairing ©, we 
obtain an action of U q (e(2)) on M%. It is compatible with the conjugation z* = z in the 
sense 

(/<X)* = f*<S~ 1 (X*) (12) 

for any / G Mg and X G Z7 g (e(2)). To calculate the action of U q (e(2)) on formal power 
series in z,z, it is useful to note that any formal power series f(z,z) can be written as 

f(z,z) = Y,z m fU*z)- ( 13 ) 

The action on terms of this form is calculated in Appendix lAl 

z k f(zz)<T = -^l^(f( q hz)-q- 2k f(zz)) 
1 — q~ z 

z k f(zz)<T = ^i /jgH^ (14 ) 
1 — q 2 zz 

z h f(zz) <J = i h z h f(zz) , 
which has again the above form. 

2.3 Covariant differential calculus on 

A differential calculus is useful to write down Lagrangians. A covariant differential 
calculus over is a graded bimodule Q* = © n Q,™ over which is a {7 g (e(2))-module 
algebra, together with an exterior derivative d which satisfies d 2 = and the usual 
graded Leibniz rule. Its construction 1 1 01 fTT] is reviewed here for convenience, in order 
to establish the notation. We start by introducing variables dz and dz, which are the 
q— differentials of z and z. These are noncommutative differentials which do not commute 
with the space coordinates z,z. Covariance and d(l) = implies the coaction 

p(dz) = e ie ® dz 
p(dz) = e~ ie ® dz , 

and the commutation relations between coordinates and their differentials must be 

zdz = q~ 2 dzz zdz = q~ 2 dzz 
zdz = q 2 dzz zdz = q 2 dzz. 

4 Similarly one gets a left action via a dual pairing from a right coaction 
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(15) 



(16) 



To see that <i : — > Sl^ is well-defined, we have to verify that it respects the commu- 
tation relations of the algebra, i.e. 

d(zz - q 2 zz) = (17) 

which is easy to see. To obtain a higher order differential calculus, we apply d on the 
commutation relations (JTK|) . which gives 

dzdz = —q 2 dzdz (18) 

and 

(dz) 2 = (dz) 2 = . 

This defines a star-calculus (i.e. with a reality structure), where the star of forms and 
derivatives is defined in the obvious way. One can now introduce q— deformed partial 
derivatives by 

d =: dz l di = dzd z + dzd z , (19) 

as in the commutative case. This defines the action of d z and dz on functions. One can 
also introduce the algebra of differential operators with generators d z ,dz,z,z. In order 
to distinguish the generators d z ,dz in this algebra from their action on a function, we 
denote the latter by 

d z {f) and d^f), 

whereas we will not use brackets if d z , &z are interpreted as part of the algebra of differ- 
ential operators. 

The derivatives d z ,dz satisfy a modified Leibniz rule. It can be derived from the 
Leibniz rule of the exterior differential together with the commutation relations of dif- 
ferentials and coordinates as follows: On the one hand, we have 

d(fg) = (df)g + f(dg) 

= djdiifig + fdz'diig) 

= dz%{f)g + dzf(q- 2 z, q- 2 z)d z (g) + dzf(q 2 z, q 2 z)d,(g) (20) 

using the commutation relations 

f(z,z)dz = dz f(q- 2 z,q~ 2 z) ^ 
f(z,z)dz = dz f(q 2 z,q 2 z) , 1 ' 

which follow from (|T6|) . On the other hand, we have 

d(fg) = dzd z {fg) + dzch{fg) , 

and together with (|20| we obtain the q— Leibniz rule 

d z (fg) = d z (f)g + f(q- 2 z,q~ 2 z)d z (g) (22) 
Ufg) = d,(f)g + f(q 2 z,q 2 z)d,(g). (23) 
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Applying this to the functions zf resp. zf, one obtains the following commutation 
relations: 

d z z = 1 + q~ 2 zd z d z z = q~ 2 ~zd, 
d~-z = q 2 zdz d z z = 1 + q 2 zdz ■ 



Furthermore, applying d z dg on the function zz we find 

d z d- = q 2 d- z d z . (25) 

For completeness we also give the commutation relations for differentials and derivatives: 

d z dz = q 2 dzd z d z dz = q~ 2 dzd z , , 

d^dz = q 2 dzdz djdtz = q~ 2 dzdz . ' 

Clearly, the q— differentials and q— derivatives become the classical differentials resp. 
derivatives in the limit q — > 1. 

2.3.1 The frame 

On many noncommutative spaces [121 113], there exists a particularly convenient basis 
of one-forms (a "frame") 9 a £ fl 1 , which commute with all functions. They are easy to 
find here: consider the elements 

9 = 9* := z^zdz 

= 9~ := dzzz- 1 . (27) 

Then the following holds: 
Lemma 1. 



[9, f] = [9, f] = (28) 



for all functions f <EM. 2 and 



99 = -q 2 99 . (29) 

Proof. Easy verification using the above commutation relations. □ 

It is even possible to find a one-form 9 which generates the exterior differential: 
consider the following "duals" of the frame, 

X z := YZ^~ l (30) 
A, := -J^-^ 1 (31) 

and define 

6 := 9% . 

Then we have 
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Lemma 2. The anti-hermitian one-form 0* = —0 generates the exterior differential 
by 

df=[e,f] = [\ l ,f]9 l (32) 

for all / Gig. Similarly, 

da = {0, a} (33) 
for any one-form a. Here {■,■} denotes the anti- commutator. Furthermore, 

dQ = 2 = . (34) 

Proof. Equations (|32| and |34|) are shown in Appendix IA.31 Equation (|33| then follows 
easily noting that {0, af} = {0, a}f — a[Q, f] and {0, fa} = [0, f]a + f{Q, a} for 
arbitrary functions / and one- forms a. 

□ 



2.4 Invariant metric 

A relation between the algebra, the differential calculus and the geometry on noncom- 
mutative spaces was proposed in [12] . We briefly address this issue here, arguing that 
M. 2 is flat. This can be seen as follows: According to [12], "local" line elements must have 
the form 

d s 2 = e l ® e j 9ij (35) 

where g^ must be a central (i.e. numerical, here) tensor, and 6 l is the frame introduced 
above. The symmetry of gij is expressed in the equation 

9ij PH« = o, (36) 

where P^^i is the antisymmetrizer defined by the calculus 

If we require furthermore that ds 2 be invariant under E q (2), it follows that 

ds 2 = 6 ®9 + q 2 6 ®6 = q~ 2 dz ®dz + q^dz dz . (38) 

This is certainly a flat metric, and for q — > 1 reduces to the usual Euclidean metric on 
M 2 . 
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2.5 Representations of 

In the following we will only need representations of the algebra E^, not including 
derivatives or forms. They are easy to find 0: Since r 2 = z~z is formally hermitian, we 
assume that it can be diagonalized. The commutation relations then imply that z and 
~z are rising resp. lowering operators which are invertible, 

r 2 | n) ro = r 2 q 2n \ n) ro , 
z | n) ro = r q n | n + l) ro , 

z I n )r = roq™- 1 | n - l) ro . (39) 

We will denote this irreducible representation with L ro , where r can be either positive 
or negative. The representations with r and — r are equivalent. The irreducible repre- 
sentations are labeled by r G [l,q). It follows that z~ l and z~ l are well-defined on L ro 
unless r = 0. 



3 Invariant Integration 
3.1 Integral of functions 

In order to define an invariant action, we need an integral on M 2 which is invariant under 
E q {2). In general, an integral (i.e. a linear functional) is called invariant with respect 
to the right action of U q (e(2)) if it satisfies the following invariance condition 

J" f(z,z)«X = e{X) J' f(z,z) (40) 

for all / G M 2 and X G U q (e{2)). Here s(X) is the counit. Such an integral was found in 
|14| : however, we want to determine the most general invariant integral here. Since e is 
an algebra homomorphism, it is sufficient to check the condition (|4T)|) for the generators 
T, T and J. Let us first consider functions of the type 

z m f(zz) (41) 

where f(r 2 ),r 2 = zz can be considered as a classical function in one variable. We can 
choose it such that the integral will be well-defined. Invariance under the action (fTH| of 
J implies 

r9 z m f(zz) = 5 mfi (f(r 2 )) r (42) 



where (f(r 2 )) r is a "radial" integral to be determined. Invariance under the action of T 
and T then leads to the following algebraic condition 

(/(g V) - q- 2 f{r 2 )) r = (43) 
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on the radial part of the integral. This condition is satisfied for 

oo 

(f(r 2 ))r := r 2 (g 2 - 1) £ q 2k f(q 2k r 2 ), (44) 

fc=— oo 

for any r e R. Notice that the integral can then be written as "quantum trace" (or 
Jackson-sum) over the irreducible representation L ro defined in (|39| : 

f(z,z):=(q 2 -l)Tr ro (r 2 f(z,z)), (45) 

where Tr ro is the ordinary trace on L ro ; note that Tr ro (z m f (r 2 )) = for m ^ 0. If we 
allow superpositions of this basic integral (resp. direct sums of irreps of R 2 ), then we 
can take an arbitrary superposition of the form 

(f(r 2 ))r = J'dwiro) (/(r 2 )) ro (46) 

with arbitrary (positive) "weight" function /i(r) > 0. If /i(r) is a delta- function, this 
is simply the above Jackson-sum. For fJ,(r ) = ro ^_^ , one obtains the classical radial 
integral 

cq rq i rq,{r ) roo 

f(z,z) = J dr _ J /oW=y drrf (r 2 ) (47) 

for f(z,z) = z m f m (r 2 ), assuming q > 1. Any of these integrals reduces to the usual 
(Riemann) integral on R 2 for q — > 1, using the obvious mapping from M. 2 to R 2 induced 
by®. 

It is quite remarkable that the classical radial integral is indeed invariant, cp. |T5]. 
This will be useful in the star-product approach in Section^ Nevertheless, the invariant 
integrals are not cyclic in the ordinary sense: 

Lemma 3. For any invariant integral \40{) the following cyclic property holds: 

i) For any functions f,g, we have 

J" fg = J q gV(f) (48) 

where T> is the algebra homomorphism defined by 

V(z m ) := q~ 2m z m Viz" 1 ) := q 2m z m . (49) 

ii) T> is an inner automorphism: 

V(f(z,z)) = zzf(z,z)z- 1 z' 1 . (50) 

Proof. Easy verification using the commutation relation (jHJ). 

□ 

A similar cyclic property for invariant integrals on a SO q (N)— covariant space was 
found in |Tr 
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3.2 Integral of forms 

Since any 2-form G Vt 2 q can be written as = f99 and 99 is invariant, we define 



q pq r q 

(2) 



a W = j f99:=j f. (51) 
For one-forms a, (3 we then obtain the following cyclic property: 

a(3 = - I" pD(a) (52) 



where V is defined on forms as above. Noting that ^(0) = 0, this immediately yields 
Stokes theorem: 

Theorem 1. Let a be a one- form. Then 

q 

da = 0. (53) 
Proof. Since da = {9, a} due to (tHTTj) . we get with ([521) 

rq r q 



/i rq 
da= {Q,a} = 0. 



□ 



4 Gauge Transformations, Field Strength and Action 

We consider matter fields as functions in Rjj. An infinitesimal noncommutative gauge 
transformation of a matter field ip is defined as [IE] 

5ip = ihnj) (54) 

while of course 5z l = 0. We introduce the "covariant derivative" (or rather a covariant 
one-form) 

D .-®_iA (55) 

which should be an anti-hermitian one-form. Requiring that Dtjj(x) transforms covari- 
antly, i.e. 

5Dip = iADip 

leads to 

5D = i[A,D], (56) 

which using (j3*2*jl implies the following gauge transformation property for the gauge field 
A 

5 A — [9, A] + i[A, A)—dA + i[A, A] . (57) 
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This suggests to define the noncommutative field strength F as 

F := iD 2 = F, ,()■()' , 
which is a 2-form transforming as 

5 A F = i[A,F]. (58) 

Since G 2 = and {©, A} = dA we obtain the familiar form 

F = dA — iA 2 , (59) 

which shows that F reduces to the classical field strength in the limit q — > 1. To write 
it in terms of components, it is most natural to expand the 1-forms in the frame basis 
6 l = (6,9), because then no ordering prescription is needed. Hence we can write 

A = AS 1 = 6%, (60) 

and the field strength is 

F = (XiAj + AiXj - iA i A j )6 i e j 

= (X 1 A 2 -q- 2 A 2 X 1 -q- 2 X 2 A 1 + A 1 \ 2 -iA l A 2 + iq- 2 A 2 A l )66 (61) 

where Aj = (A 2 , A g ). Notice that this is written in terms of the components of the frame, 
not of the differentials dz, dz. In order to understand its classical limit, it is better to 
write 5 

A = A z dz + A g dz, (62) 
and we recover from (f59|) the classical field strength 

F (d z A Y - %A z )dzdz . (63) 

In order to write down a Lagrangian for a Yang-Mills theory, we also need the Hodge 
dual *hF of F. This is easy to find: since any two-form F can be written as 

F = f68 = q~ 2 fdzdz 

for some function /, we define *h on two-forms as 

* H F:= l -f. (64) 

This is the correct definition because dzdz is invariant under U g (e(2)) transformations, 
hence the Hodge dual satisfies 

(*hF) <u = * H (F<u) (65) 



'This is not natural for q ^ 1, since then dz, dz do not commute with functions. 
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for all u G U q (e(2)). We can now write down the following action using one of the 
invariant integrals found in Section EHJ 

S:= r F^bF^-Z-^z- 1 = P\fz- X z- X m. (66) 

The factor ~z~ l z~ l is required by gauge invariance under (J57| . using the property 

Q fg^z- l = J" gfz^z- 1 (67) 

which follows from Lemma [HI In the classical limit we obtain 

S q -=± J^(d z A--d Y A z ) 2 z- 1 z- l dzdz. 

The "measure factor" ~z~ x z~ x breaks the £ , g (2)-invariance explicitly. Unfortunately, it is 
required by gauge invariance. In other words, the invariant integral seems incompatible 
with this kind of gauge invariance, and one is faced with the choice of giving up either 
gauge invariance or i? g (2)-invariance 6 . In this paper, we will insist on gauge invariance. 

There are several possibilities how this problem might be avoided. One may try to 
modify the gauge transformation, e.g. by using some kind of g-deformed gauge invari- 
ance as in [llj. Unfortunately we were not able to find a satisfactory prescription here 
jTB] . Alternatively, we will propose in the next section a mechanism using spontaneous 
symmetry breaking, which yields an £' (? (2)-invariant action for low energies. In any case, 
the above action is certainly appealing because of its simplicity, and the gauge transfor- 
mations (|56|) are very natural. This problem may also be a hint that the quantum group 
spacetime-symmetry has not been correctly implemented in the field theory, beyond a 
formal level. A proper treatment would presumably require a second quantization, such 
that the E q (2) -symmetry acts on a many-particle Hilbert space and the quantum fields, 
as in [TO] . 

Let us briefly discuss the critical points of the above action. The absolute minima 
are given by solutions of the zero curvature condition F — 0. In terms of the coordinates 
D = this leads to 

D 2 D l = q 2 D 1 D 2 . 

This is the defining relation of the deformed Euclidean plane with opposite multiplica- 
tion. One solution is of course D = 0, and we get all possible solutions in terms of the 
automorphisms of IR^. 



5 Restoring i? g (2)-invariance through spontaneous sym- 
metry breaking 

The explicit "weight" factor 1~ x z~ x in (f66|) is rather unwelcome, because it explicitly 
breaks the i? g (2)-invariance of the action, which was the starting point for our consid- 

6 In the classical limit, the measure function can be written as ~z~ 1 z~ 1 dzdz = -^(rdrdip) = d(\nr)d(p, 
which is the volume-form on a cylinder. Therefore this action could be interpreted as Yang-Mills action 
on a quantum cylinder. However this is not the aim of this paper. 
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erations. One could in principle interpret it as some kind of additional "metric" term in 
the action, which is required by gauge invariance. However, it is also possible to cancel 
it by the vacuum-expectation value (VEV) of a suitable scalar field: Consider the action 

Si := J F(* H F)e* z~ l z~ x . (68) 

This is gauge invariant if transforms in the adjoint: 

0^i[A,0]. (69) 
We can then add an action for 0, such as 

S 2 = [ V(<p)z- l z- 1 (70) 



where V(x) is an ordinary function, which is again gauge invariant. If we could find a 
potential V((f)) which has = zz as solution, we would obtain the following "low-energy" 
action 

Si[A, (</>)] = J" F{* H F) (71) 

replacing by its VEV (0). This is formally invariant under E q (2), while the gauge 
invariance is spontaneously broken rather than explicitly. To find such a potential V, 
consider the equation of motion 

6S 2 [<t>] = ^ ' 5<f>V'((f>) z^z- 1 = (72) 

using the cyclic property of the integral, where V denotes the ordinary derivative of the 
power series V(x). We therefore need a potential V(x) such that V'(hi(zz)) = 0. For a 
given irrep L ro labeled by r as in (jHSj) , the eigenvalues of zz are r^q in = e 2nln (9)+2in(r ) 
for fiG Z. Therefore 

V; o (2n\n(q) + 21n(r )) = 0, n e Z. (73) 
This certainly holds for V^ Q (x) oc sin(27r^j^p), thus 

V ro (x) = -V oos(2n X ~^ o) ) (74) 

is a possible potential. Hence we will use the representation L ro , and the quantum trace 
j<?>Oo) Qn ^ ag j nvar j an ^ integral for the action. Note furthermore that 

= (75) 

for F = 0, therefore = zz, F = is indeed a possible "vacuum" of the combined 
action 

/q,( r o) 
(F(* H F)e* +V(<f)))z- 1 z- 1 . (76) 
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Replacing <f> — > ((f)) — ln(zz), it reduces to 

/q,(ro) 
F{* H F) + canst, (77) 

as desired. The fluctuations in <f) are suppressed if Vo is chosen large enough. Of course 
there are other solutions for 0, which would give a nontrivial "effective metric" e^'z^z^ 1 
in the action. This is somewhat reminiscent of the low-energy effective actions in string 
theory, where the dilaton enters in a similar way. 

For reducible representations of M 2 one could still find such potentials, but if we take 
continuous superpositions as in (|I7|) in order to have the classical integral (as in the 
Seiberg-Witten approach below), this is no longer possible. 



6 Star Product Approach 

We now want to study gauge theory on R 2 using the star product approach, which was 
developed in [201 IK]. We will denote classical variables on M 2 by greek letters (,( i n 
this section, in order to distinguish them from the generators z, z of the algebra M 2 . 

A star product corresponding to IR 2 is defined as the pull-back of the product in IR 2 
via an invertible map 

p:R[[CM[h))-+K (78) 

of vector spaces, 

f*g:=p~\p{f)p{g)), (79) 

where 

q = e h . (80) 

For example, the star product corresponding to normal ordering in IR 2 (i.e. commuting 
all z to the left and all z to the right) reads [11] 

f* n g = poe- 2h ^ 9 sXf®g). (81) 

For our purpose the following star product will be more useful 

/*„ g := p o e MC^-?W) (/ ®g) = fg + hCC(d c fd^g - c\fd ( g) + 0{h 2 ) , (82) 

because it is hermitian, i.e. / * q g = g * q f , and satisfies other nice properties as shown 
in Lemma |U (see equation (j8*£l) below). The corresponding Poisson structure reads 7 

&i = -2i(C,s ij . (83) 

This star product is equivalent to the normal ordered one (|81|) via the equivalence 
transformation 

T := e"^^ . 
7 The Poisson structure is given by [/ *" g] = ih0 lj d t fdjg + 0{h 2 ). 
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To see this, we first note that 

(d ( (dt o ii = p o (C5 C C^ ® id + id ® C9 C C^ + (d c ® 0% + ® C<9 C ). 

This leads to 

r(/* g (/) = e-^o/ioe* K WW(/®s) 

= p o e - 2 ^(^C9c) ( e ~ f ^ e -Kd-t&- Cg) 
= T{f)* n T{g), 

hence T is indeed an equivalence transformation from -k n to ~k q . If we denote the normal 
ordering by p n , this new star product can be obtained by f * q g := p q 1 (p q (f)Pq(.g)) in 
terms of an "ordering prescription" p q given by 

Pq ■= Pn ° T . 

For illustration we give the image of p q of some simple polynomials: 

c - 

(CC) n - 

Moreover, * q is compatible with J: 

(/ * g #) < ■/ =(f<J)* g 9 + f* q (9 < J) (85) 

where the action of J on IR 2 is the obvious one. 

One can easily extend the star product formalism to include differential forms, which 
will be useful in Section 16.31 We simply use the invertible map 

Q* -> n* q , 

/ = /(C,C) -> Pq(f) 

CC'dC -> (86) 

(extended in the obvious way) from the differential forms on M 2 to the calculus Q* 
defined in Section 12 and define the "star- wedge" A q on Q* as the pull-back of Q*. 
Using the same notation 9 = C -1 C^C> Q — CC 1( ^C as m the noncommutative algebra, 
one has for example 9 A q 9 = —q 2 9 A q 9 in Q*, as in Q*. Clearly 9 * q f = f * q 9 in 
self-explanatory notation, and we will omit the star in this case from now on. 



z 
z n 

q~ n (zz) n . 



(84) 
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6.1 E' g (2)-invariance of the Riemann integral 

Since there exists an integral on the commutative space, it is natural to use the isomor- 
phism p (f78|) corresponding to the star product, and define 

<P f(z,z):= [ p-^/XCCRC (87) 



In general, one should not expect that the integral defined in this way is invariant 
under E q {2). Nevertheless, for the star product -k q defined by p q , this integral is indeed 
invariant, i.e. ijlUJl is satisfied. We want to explain this in detail. Consider 



f(z } z) = *V»W G R 2 ,. 

n=— oo 

Applying p~ l gives 

oo 
n=— oo 

On the other hand, we can write the function p ( 7 1 (/) in polar coordinates, and expand 
it in a Fourier series with r-dependent coefficients 



oo 



Then 



i r2w 



oo(r) = — / d<p p/(/)(0,r) . 



o 



y 

Since ( = re^ and p^ifnij" 2 )) = fn(<l r2 ) is a function of r 2 by ({HI} and using the fact 
(|8o|) that -k q is compatible with J, it follows that 

«o(r)=p- 1 (/o)(r 2 ) = / (gr 2 ). 

Therefore 

V(/)(C,CR€=2tt / drrf (qr 2 ). 



This agrees essentially with (jlTjl . which is indeed invariant under ?7 g (e(2)) transforma- 
tions as was shown there. 

From now on, we will use the Riemann integral l)87jl in this context, and omit the 
superscript p = p q for brevity. 

6.2 Trace property and measure 

The Riemann integral does not possess the trace property, i.e. star multiplication is not 
commutative under the integral. However the trace property is necessary to obtain a 
gauge invariant action. We therefore look for a measure p((, £) such that 

/(C,C)«(C,C)MC,C)^C^/ 9 (C,C)*,/(C,C),(C,O^C. 
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Such a measure function can indeed be found. 

Lemma 4. Let /, g be two arbitrary functions which vanish sufficiently fast at infinity. 
Then 

//(C,a*. 9 (C,?)^=/.(C,?)*,/(C.?)^ = //(C.?).(C,?)^. 

Proof. See Appendix IA.41 



□ 



Equation (|88|) has also an analog on the canonical quantum plane see e.g. [T]. 

A small puzzle arises here: since the Riemannian integral is invariant under E q (2) 
as we argued above, we also have the following cyclic property 

J f(CC)* q g(CX)* q r 1 * q C 1 dCd( = j giCO^fiCO^V^C'dCdC (89) 

because of Lemma 03 These two cyclic properties are in fact equivalent, because 

J G((,()* q (r 1 * q C 1 )dCd( = q- 1 j G(CX)-=d(dC. (90) 
To see this, note that the second equality in (|88| implies 



J G(C, C 1 * q C 1 d(d( = J ((G(c, * q C 1 * q C 1 ) * q CC) idCdC- (91) 

With CC — Q~ 1 ( * q C which is easy to verify, it follows that 

J G((, C) * q V * 9 C" 1 dCdl = q- 1 J G(C, C) ^=d(d( (92) 

using the associativity of the star product. This shows the equivalence of the cyclic 
properties (JHBJ) and (139*1) . 

6.3 Seiberg-Witten map 

The map p q defines a one-to-one correspondence between noncommutative and commu- 
tative functions, and we can identify / with p^" 1 (/). We construct a Seiberg-Witten 
map for the noncommutative fields expressing them by their commutative counterparts 
0: 

A = A a [ai) 
* = #[^,a<]. 
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Here dj is the classical gauge field, a the classical gauge parameter and ip a classical 
matter field. The noncommutative gauge transformations are defined as in Section HI 
and will be spelled out below. We assume that it is possible to expand in orders of h 

A a [ai] = a + hA 1 a [a i ] + h 2 Al[a i } + ... 

Ai[oi\ = A Q i +hA][a i ] + h 2 A 2 [a i ] + ... (93) 
#[V>,Oi] = ip + h^ 1 {ip,a i } + h 2 ^ 2 [ip,a i \ + ... . 

The explicit dependence on the commutative fields can be obtained by requiring the 
following consistency condition ^ 



(5 a 5p - 5p5 a )ty = d-ifapfff , 

& i5 a Ap - iSpAa + [A a *« A p ] = iA_ M , 1 ' 

which amounts to requiring that the noncommutative gauge transformations are induced 
by the commutative gauge transformations of the commutative fields: 

Ai[ai] + 5 A Ai[a,i\ = A i [a i + 5 a a i ] (95) 
tffaMi] +5 A ^[ip,a i ] = + S a tp, at + S a ai) . 



The consistency condition has the well-known solution [21] 

A a [ ai \ = a + h^9 ij d l aa j + 0{h 2 ) . (96) 

This solution is hermitian for real gauge parameters a and for gauge fields a« corre- 
sponding to the hermitian connection form a = a^d( + a^d(. As usual, this solution 
is not unique. Solutions to the homogeneous part of the corresponding Seiberg-Witten 
equation may be added leading to field redefinitions |22J. 

The crucial point of our approach is that we will essentially work with 1-forms and 
their components Ai w.r.t the frame 6 l = (9,9), 

A = AS 1 = 6 l Ai = Aidz\ (97) 

and that we are gauging the one- form 9 as in Section HJ In this way we naturally obtain 
a noncommutative gauge field and field strength, with the correct classical limit. This 
is not the case if one introduces covariant coordinates to define gauge fields and field 
strengths [2H[TH], because U is not constant here. Using [0,/] = df = [Aj,/]0\ this 
led to the gauge transformation law in the noncommutative algebra 

5 A A i = [X i ,A]+i[A,A i ] (98) 

where ^ ^ 

X z = -z~ l and = -z' 1 . 

1 — q~ z 1 — q~ l 

Since the commutator with \ satisfies the usual Leibniz rule we do not have to introduce 
a "vielbein" field that transforms under gauge transformations as in [8j. 
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In order to translate the above gauge transformation law to the star product ap- 
proach, we simply have to apply p~ x . This leads to 

= [Ai *? A]+i[A *« Ai) , (99) 

where we note that 



p? 0O = C 

Furthermore, we remark that 

1 1 



l + h + 0{h 2 )) 



c c = CC 1 and c^ = r 1 C- (102) 



1 - q- 2 2h 

such that to zeroth order we have for the gauge field 

5 a A\ = cr 1 ^" • ( io °) 

An analogous calculation for ^4° leads to the solution 

A , = , (101) 

where 

This is the solution for the gauge field, written in the basis (9, 9) = (c£ d£, of 

one-forms (cp. (|2*7jl ). To obtain the components in the more familiar basis (d(,d() we 
have to multiply the above solution by c" 1 , and we indeed obtain the classical gauge 
field ai in zeroth order: 

i° = at. (103) 
Defining q =: 2 k, i-e. 1$ := C 1 an d % := — C" 1 ? we obtain to first order the equation 

5 a A] = ^dkUdiAi - 9 hl d k ad l (c i a i ) + U kl d k Ud ia , (104) 
which admits the solution 

A] = Ci (^-9 kl a k (d iai + F°)) - i^o^CcOoi + c t a t (105) 



where 



is the usual, commutative field strength. This solution satisfies A \ — A\,A\ = A\. 
We now define the noncommutative field strength as in Section 0J 

F = (Ai * 9 Aj + A, * q Xj - iAi * q Aj)9 l A q 9 j = f9 A g 9 (106) 

using the "star-calculus" defined by (|86|) . because it satisfies the correct transformation 
law 

6f = i[A*?f]. (107) 
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The above solution then leads to 



/ = F° 2 + h{Ff 2 + 9 12 (F° 2 F° 2 - a c d^F° 2 + a^d c F^ 2 ) + d c 9 12 (a c d^a^ + a^a c + 2a^d c aA 
+d^9 12 (a ( d ( a^ + a^d c a ( + 2a c <%a ( )} + 0{h 2 ) . (108) 

We can now write down the following action using the classical integral: 

S:=\j /* fl /idCdC- (109) 

Recall that the measure function Q = i is necessary to ensure gauge invariance 
of the action, using the trace property of the integral by Lemma HJ This action can be 
written in terms of commutative fields using the above result: 

5 = | dC^i {\f° 12 F° 2 + h(F? 2 F? 2 + 9 12 (F? 2 F° 2 F° 2 - a ( F^F? 2 + a ? F° 2 <9 c F° 2 ) 

+^ 12 F 1 ° 2 (2a ? ^a c + a ( d c a^ + a^d c a ( ) (110) 
+d c 9 12 F? 2 (2a^d c a^ + a^a f + a c d^)) } + 0(h 2 ) . 

Observe that this action is also the Seiberg-Witten form of (jBEjl. because 

s = \Jf**f = §//**/*« (C" 1 * 9 CVC^C (in) 

using (|90|) . We see that as in the algebraic approach of Section |U gauge invariance 
requires a measure function fi((, £) = ^d(d( which breaks translation invariance. How- 
ever, one should realize that even without this measure function, this "classical" action 
would not be invariant under £7(2), because the star product is not compatible with the 
symmetry (only for rotations (jSHJ) holds). This would only be the case if one could find 
a star product on M. 2 which is compatible with the coproduct of E q (2), cp. [2T?| ITD]. 



6.4 The classical limit and the measure function 

The measure function /i(C,C) = ^d(d( survives in the classical limit q — > 1. If we 
want a deformation of the classical theory, this should not be the case. We therefore 
would like to get rid of this measure function in the classical limit. This can be achieved 
by multiplying the action with a gauge-covariant expression 8 , which in the classical 
limit exactly cancels the measure function \i. For this purpose we introduce covariant 
coordinates [16j: 

Zi-^Ci + Ai. (112) 

Here Ai should not be confused with A { . The one-form Aft 1 is a noncommutative 
analog of the classical gauge field, because its gauge transformation law (|99|) is the 
noncommutative generalization of the classical gauge transformation law. Indeed, we 

8 This was suggested by Peter Schupp. 
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recovered the classical gauge field a, with respect to the basis d(, d( (|l()3jl in zeroth 
order of h. In contrast, the covariant coordinates are used here just as a quantity which 
transforms covariantly and reduces to the usual coordinates in the classical limit, in order 
to cancel the measure function. We will see that Ai does not reduce to the classical 
gauge field for q — > 1. Requiring the covariant transformation rule SZ { — i[A *, q ZJ\ leads 
to the following gauge transformation rule for Ai 

5Ai = i[d *? A] + i[A *« Ai] . (113) 

As before we can express A4 in terms of commutative fields by solving the corresponding 
Seiberg-Witten equations. This gives [21J 

A* = hO^a, + ^^addJe^aj) - 9 ij F? k ) + 0(h 3 ) . (114) 
2 J 

In principle, covariant coordinates may be used to define noncommutative gauge fields 

and covariant expressions such as field strength [EH HE]- However, the above equation 

shows that gauge fields and field strengths defined in that way do not lead to the classical 

gauge field a, and field strength Ff- in the limit h — > whenever the Poisson-structure is 

not constant and not invertible, as is the case here 9 . Nevertheless they are a convenient 

tool for our purpose, because they satisfy 

Z*,Z->CC (115) 

for q — > 1, and 

5(Z* q Z) =i[A*« . (116) 

Now we can define a gauge-invariant action with the correct classical limit: 

S' :=\j f* q f* q Z* q Z-±=dCd(. (117) 

Expanded up to first order of h we obtain 

S' = J dCdT^-F^ + h(F? 2 F? 2 + f(« - a c F^ 2 + a~ c F° 2 d ( F? 2 ) 

+d^6 12 F? 2 (2a c d^a c + a c d c a^ + a z d c a c ) (118) 
+d(8 12 F® 2 (2a^d^a^ + a-^d^a^ + a^a^) 

+i^iW 2 (C«c - C«c) " ^i° 2 + Cd c (F? 2 F? 2 ) - (%(F? 2 F? 2 )) + O(h') . 

This reduces indeed to a Yang-Mills theory in the classical limit. However, choosing 
Z-kgZ is only one possibility to cancel There are other expressions which are gauge- 
covariant, and lead to the same classical limit. Our choice is motivated by simplicity. 

9 To obtain in the classical limit the classical gauge field ai we have to invert 6^ and write j^9L ■ 
This is only defined if 9 is invertible, and even then it spoils the covariant transformation property 
whenever 9 is not constant. To maintain covariance one has to "invert 9 covariantly" as done in |18j . 
leading to complicated expressions. The approach that we propose in Section I6T3I does not have these 
problems. Gauging the one-form 8 instead of the coordinates leads very naturally to a noncommutative 
gauge-field and field strength <|lDfi|) . Compare also with where a different approach using a 
"vielbein" is discussed. 
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A Mathematical Appendix 
A.l Coaction and action 

Definition 1. A left coaction of a Hopf algebra Ti on an algebra A is a linear mapping 

p:A — >H®A (119) 

which satisfies 



(120) 



(id ® p) o p = (A (g) id) op, (e <g> id) o p = id 
p{ab) = p{a)p{b), p(l) = 1 <g> 1. 

In Sweedler notation, one writes 

p(a) =: a(_i) <g> a (0 ) . 
A is then called a left H-comodule algebra. 



Definition 2. A Hopf algebra H is acting on an algebra A from the right if A if there 
is an action < : A <E> 7i — > A which satisfies 

oh < h = (a <g> b) < A(h) = (a < h(i))(b< h^)) and l<h — e(h)l (121) 

for any h EH and a,b G A. A is then called a right H— module algebra. 

By ((H}) , these two notions are dual to each other. There are obvious analogs replacing 
left with right everywhere. 

For the action of J,T and T on the generators z,z, we obtain 

z<T — 1, z<T = 0, z < J = iz 

~z<T = 0, ~z<T = —q 2 , z < J = —iz . 

The action on arbitrary functions is calculated in the following subsection. 
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A.2 The right action of U q {e{2)) on R 2 q 

Knowing the structure maps (JSJ) for J,T,T G U q (e(2)) and their action on z,z given 
above, we can determine the action of J, T, T on arbitrary functions using (xy) < U — 
(x < U(i))(y < U{2)) for arbitrary x,y £ M 2 £7 G C/ g (e(2)). Since an arbitrary function 
f(z,z) G M 2 , can be written as f(z,z) = J2kez zk fk( zz )i it is sufficient to know the 
action on the terms 

z k f(zz) , 

where / is a formal power series in zz. We will derive the formulas even for negative 

i& 

Claim 1. For k G Z we have 



powers of zz, i.e. fizz) = Y^iez a i( zz Y- We start with the action on z k : 



1 - rr 2k 
z k <T = -^—rz*- 1 
1 — q~ 2 

z k <T = (122) 
z k < J = . 

Proof. The first equation can be shown by induction, using z < T = 1 and z -1 < T = 
—q 2 z~ 2 , which follows from 

= 1<T = (z~ 1 z)<T= (z' 1 <T)(z<q 2iJ ) + z~ 1 (z<T) = (V 1 <T)q- 2 z + z' 1 . 

The last two equations finally follow immediately with z <T = 0, z < J = iz and 
A(T) = T®q 2iJ + 1®T. 

□ 

The action on f(zz) = J2i£Z a i( zz ) 1 follows from 
Claim 2. For I E Z we have 

-21 

l-q 1 

[zz) l <T = - q *^—L_(zz) l - l z (123) 
(zz) l <J = (zz) 1 



[zz)UT = q 2 \ ^(zzj- x z 

9 f^\l-l. 
l-q 2 



Proof. The last equation follows immediately with z < J = iz, z < J = —iz. The first 
equation follows again by induction, starting with (zz)<T = (z<T)(z<q 2U ) + z(z<T) = 
q 2 ~z, and concluding inductively 



(zz) l+1 <T = ((zz) 1 < T)((zz) < q 2iJ ) + (zz)\(zz) < T) 
1 - <T 2/ 

= g 2 - — -(zz)' -^(zl) + (zz) l q 2 z 



: 1 ~ Q- 21 
l-q- 2 

? — — —r( zz ) z 



1-9" 
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for I > 0. If I = 0, then 1 < T = 0, which is consistent with the claim. To derive the 
action of T on (zz) -1 we calculate 

= ((zzy^zz)) <T = ((zz)' 1 < T)zz + (zz^dzz) < T) = ((zz)- 1 < T)zz + {zt)~ x <?z 
hence 

(zz) -1 <T = -(zz)~ 2 z, 

consistent with (|123|) . For I < the claim follows similarly by induction, and the second 
equation follows also inductively. 

□ 

Putting these results together and using f(zz) = J2iez a i( z ^) 1 we obtain 

z k f(zz)<T = (z k <T)(f(zz)<q 2lJ ) + z k (f(zz)<T) 

= q z k ~ 1 f(zz) + z^Y a iq 2 — *—(?(i-V(zz) 1 

z — ' 1 — a 



1 — q~ 2 '' ^— ' ' J 1 — (r 



" l -(f( q 2 zz)-q- 2k f{zz)). 



1-q- 2 

A similar calculation finally leads to (JHJ). 
A. 3 Proof of Lemma [2] 

Proof. Since the # J commute with all functions, we have 

[ Q >n = e[ T ^T-\f\-o[ T ^- i z- 1 ,f\- 

Plugging in the explicit expressions (|2*7jl for 9 % we find 



[6,/] = dzz- x z\ Y ^z-\f\-<]rzz-z-\ Y ±— 2 z-\f\ 



z- x z\—^—^z-\ z] = -^— 2 - -^-2 = 1 (124) 
1 — a 2 1 — o 2 1 — a 2 



using the commutation relations (|T6| . Taking f = z and f = z we get 

i -i , i r 2 

g ^ 1 — q 2 1 — 9 

and 

zz~ 1 [ 1 _ z~ 1 ,z] = 0. (125) 

Thus [0, 2] = dz, and similarly [0,z] = dz. Hence the claim is true on the generators 
of the algebra of functions, and since [0, .] is a derivation we can conclude that 

df = [0, /] 
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for all functions /. 

To show dQ = 6 2 = 0, consider 

((1-<T 2 )0) 2 = (&JT 1 -Oz- 1 ) 2 = (q^z^dz-z^dz) 2 
= —q~ 2 z~ 1 dzz~ 1 dz — IT 1 d~zq~ 2 z~ x dz 
= —q~z~z~dzdz — z z~ x d~zdz = , 

using the commutation relations (fTt)|) . (fT6|) and ((HJ). Furthermore, 

(1 — q~ 2 )dQ = d(q~ 2 z^ 1 dz — ~z~ 1 d~z) = —q~ 4 z~ 2 dzdz + q 2 ~z~ 2 dzd~z = 

where we used d(z^) = —q~ 2 z~ 2 dz and d(i;~ l ) = —q 2 z~ 2 dz, which follows from the 
q— Leibniz rule applied to = dl — d{zz~ v ) = d(zzr x ). □ 



A. 4 Proof of Lemma HI 

Proof. We have 

cc f q9 ~J cc fg + J cc " h n '\hi 9 < h 9 < jJ 
(E £i2J2 c i2 ^®e^)...( E ^^®c^)(/®i7). 

12,32=1 in,jn = l 

Consider the n -th term of the sum on the right hand side: 

2 2 



<9C i2 

U,jl=l i2J2 = l 

•••( E ^^®&^)(f®9)- 

Introducing the short hand notation 

/' ® g := ( E ® c i2 ^-) ■ ■ ■ ( E ® c-^-x/ ® <?), 

the n— th term of the sum can be written as 

J CC n \h-i ^ dQ 1 
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h n 



h Ji=l 



For n > 0, this leads after partial integration (assuming that the functions vanish at 



This is valid for any summand corresponding to n > 0, so that only the zeroth order 
term does not vanish. Hence we find indeed 
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